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Abstract. We study structures of embedded projective manifolds swept out by 
cubic varieties. We show if an embedded projective manifold is swept out by high- 
dimensional smooth cubic hypersurfaces, then it admits an extremal contraction 
which is a linear projective bundle or a cubic fibration. As an application, we 
give a characterization of smooth cubic hypersurfaces. We also classify embedded 
projective manifolds of dimension at most five swept out by copies of the Segre 
threefold P 1 x P 2 . In the course of the proof, we classify projective manifolds of 
dimension five swept out by planes. 
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1. Introduction 

The structures of embedded complex projective manifolds swept out by varieties 
with preassigned properties have been studied by several authors. For example, E. 
Sato showed that projective manifolds covered by linear subspaces of dimension at 
least [§] + 1 are linear projective bundles [36j. Recently, M. C. Beltrametti and P. 
Ionescu proved that projective manifolds swept out by quadrics of dimension at least 
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[§] + 2 are either linear projective bundles or quadric fibrations [3] (see also [22] due 
to Y. Kachi and Sato). Their result recovers B. Fu's one on a characterization of 
quadrics pT| . Remark that related problems were also dealt in [30] , [38] . 

In this paper, we investigate structures of embedded projective manifolds swept 
out by cubic varieties. Recall that an embedded projective manifold of degree 3 is a 
cubic hypersurface, the Segre 3-fold P 1 x P 2 C P 5 or one of its linear sections, that is, 
either a cubic scroll or a twisted cubic curve [3T] . By a slight abuse of terminology, 
we say that an embedded projective manifold is a hypersurface if it has codimension 
1 in its linear span. We prove the following: 

Theorem 1.1. Let X C P^ be a complex projective manifold of dimension n > 5. 
Assume that there is a smooth cubic hypersurface in X of dimension s > [t|] + 2 
through a general point of X. Then X admits a contraction of an extremal ray 
ip : X — > Y which contracts the cubic hypersurfaces and it is a linear projective 
bundle or a cubic fibration (, which means a fibration whose general fibers are cubic 
hypersurfaces). 

We immediately obtain a characterization of smooth cubic hypersurfaces as a 
corollary. This is a cubic version of the theorems on characterizations of quadrics 
due to Kachi-Sato [22\ Main Theorem 0.2], Fu |11[ Theorem 2] and Beltrametti- 
Ionescu [U Corollary 3.2]: 

Corollary 1.2. Let X C P^ be a nondegenerate complex smooth projective n-fold 
with 5 < n < N . Then the following are equivalent: 

(i) X is a cubic hypersurface. 

(ii) Through a general point x € X, there is a smooth cubic hypersurface S x C X 
of dimension s > [§] + 2 and the cubics S x and S x i intersect for two general 
points x, x' £ X. 

We also classify embedded projective manifolds of dimension at most 5 swept out 
by copies of the Segre 3- fold P 1 x P 2 : 

Theorem 1.3. Let X C P^ be a complex projective manifold of dimension n < 5. 
Assume that there is a copy of the Segre 3-fold P 1 x P 2 through a general point of X 
in X . Then X is one of the following: 

(i) a linear ¥ d -bundle, where d > 2, 

(ii) a hyperplane section of the Grassmann variety G(2,C 5 ) C P*(A C 5 ), 

(iii) P 1 x Q 4 C P 11 , or 

(iv) X admits a contraction of an extremal ray if : X — > C to a smooth curve 
whose general fiber is projectively equivalent to a Segre A-fold P 2 x P 2 c P 8 . 

Remark that there are many examples of projective n- folds swept out by copies 
of the Segre 3-fold P 1 x P 2 in the case where n > 5, e.g., manifolds swept out by 
5-dimensional linear subspaces. From this viewpoint, the assumption that n < 5 
seems natural. 

The strategy to show Theorem 11.21 and Theorem 11.31 is as follows: The manifold 
X as in Theorem 11.21 and Theorem 11.31 is covered by lines. We produce a large 
covering family of lines based on deformation theory of rational curves. It turns out 
that the family defines a contraction of an extremal ray. Then a general fiber is a 
Fano manifold of coindex at most 3. Investigating the fiber by using classification 
results of Fano manifolds, we classify X as in Theorem 11.21 and Theorem 11.31 
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The contents of this paper are organized as follows. In Section 2, we recall some 
facts on deformation theory of rational curves and explain results on extremal con- 
tractions and Fano manifolds. In particular, we review two results due to C. Novelli 
and G. Occhetta (Theorem 12.111 and Theorem I2.12p which play an important role 
in our proof. It asserts that a large covering family of lines spans an extremal ray of 
the Kleiman-Mori cone. Section 3 is devoted to prove Theorem ll.il The idea of our 
proof is analogous to one of [3] . One of significant steps is to show the existence of 
a covering family of lines induced from cubic hypersurfaces (Lemma I3.1j) . Section 4 
deals with a classification of projective 5-folds swept out by planes (Theorem I4.ip . 
In [36\ Main Theorem], Sato classified projective manifolds swept out by linear sub- 
spaces of dimension at least [§]. In this sense, our case is a next case to the one 
in [36\ Main Theorem]. Although a related topic was dealt in |31|. Theorem 1.1, 
Question 6.2], our result does not follow from theirs. Actually, we give a negative 
answer to |3H Question 6.2] in Remark 14.131 More precisely, we give an example of 
an embedded projective manifold of dimension 2n + 1 which is swept out by linear 
subspaces of dimension n but does not contain a linear subspace of dimension n with 
nef normal bundle. In Section 5, we prove Theorem 11.31 The main difficulty lies in 
the case where the dimension of X is 5. Since projective manifolds swept out by 
copies of the Segre 3-fold P 1 x P 2 are also swept out by planes, we can narrow the 
possibilities of manifolds by using Theorem 14.11 Furthermore we also investigate a 
contraction of an extremal ray which is defined by a covering family of lines induced 
from lines on the first factors of copies of the Segre 3-fold P 1 x P 2 . 

In this paper, we work over the field of complex numbers. 
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2. Preliminaries 

We use the notation and terminology as in [4] , [16] , [17] , [25] . For a vector space 
V, P*(V) denotes the projective space of lines through the origin in V. 

2.1. Families of lines and varieties of minimal rational tangents. Let X C 

P^ be a smooth projective variety of dimension n, which is called a projective man- 
ifold of dimension n or a smooth projective n-fold. For an m-tuple of numerical 
polynomials P(i) := (P\(t),--- ,P m (t)), we denote by FH P ( t )(X) the flag Hilbert 
scheme relative to P(i), which parametrizes m-tuples (Z\,--- , Z m ) of closed sub- 
schemes of X such that Zi has Hilbert polynomial Pi(t) and Z\ C • • • C Z m (see 
[37} Section 4.5]). In particular, for a numerical polynomial P(t) G Q[i], we denote 
by Hilbp( t )(X) the Hilbert scheme relative to P(t). We also denote by F\(X) the 
Hilbert scheme of lines on X. An irreducible component of F\(X) is called a family 
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of lines on X. For a point x £ X, we denote by iq(x,X) the Hilbert scheme of lines 
in X passing through x. Let Univ(X) be the universal family of Hilb(X) with the 
associated morphisms it : Univ(X) — > Hiib(X) and t : Univ(X) — > X. For a subset 
V of Hilb(X), i{i:~ l {y)) is denoted by Locus(V) C X. A covering family of lines J(f 
means an irreducible component of F\(X) satisfying Locus(J^) = X. For a family 
of lines J(f , since all members of Jff are numerically equivalent, we can define the 
intersection number of J(f with a divisor D on X as the one of D and a member of 
Jtf and we denote it by D.J(f. For a subset Jfc C Fi(X), a -line means a line 
which is a member of .X . 

From here on, assume that X C F N is covered by lines. A line I is free if the 
restriction Tx\i of the tangent bundle of X to / is nef. If a line I is free, F\(X) is 
smooth at [I] (see (37J Theorem 4.3.5]). In particular, F\(X) has a unique irreducible 
component containing [I]. A family of lines Jtf is a covering family if and only if 
contains a free line (see |25^ II. Corollary 3.5.3 and Proposition 3.10]). For a covering 
family of lines on X, there exists a minimal proper closed subset Z/CX such 
that every line through a point of X \ Zx is free. In fact, since being free is an open 
condition and ^€ is proper, the locus of non-free lines in $f is closed and it is exactly 
Z,x- We call Zx the non-free locus of J(f . Let X be a point on X\Zx and set ^ x := 
{[I] € J^\x G /}. For any J^-line I, the tangent bundle Tx satisfies Tx\i = ^pi(2) © 
^ P i(i)pe^;r p for some non-negative integer p. From a fundamental argument 
of deformation theory of rational curves, J^. is a disjoint union of smooth varieties 
of dimension p (see [17} Theorem 1.3]). We define the tangent map t x : Fi(x,X) — > 
¥^(T X X) by assigning the tangent vector at x to each member of Fi(x,X). It is 
known that the tangent map t x is an embedding (see |17} Proposition 1.5]). Hence 
F\(x, X) can be seen as a (possibly disconnected) subvariety of F*(T X X). We denote 
by c € x C P*(r a; X) the image T x (Jf x ), which is called the variety of minimal rational 
tangents (with respect to J(f ) at x. The following proposition is a fundamental result 
on varieties of minimal rational tangents. 

Proposition 2.1 ([UJ Proposition 1.5, Theorem 2.5, Section 5 Question 2]). Let 
X C ¥ N be a smooth projective n-fold covered by lines, a covering family of lines 
on X and ^ its variety of minimal rational tangents at a general point x € X. 
Assume that Pic(X) ^ 1[ff x (l)]. If dim <tf x > rt ^ k , then % C P*(T X X) is smooth, 
irreducible and nondegenerate. 

Proposition 2.2. Let X C be a projective manifold covered by lines and x a 
general point on X . Assume that F\(x,X) is irreducible. Then there exists a unique 
covering family of lines. In particular, its variety of minimal rational tangents at x 
coincides with F\{x,X) C P*(T X X). 

Proof. Assume the contrary. Let 

f 1 (x) = \Jf*u\Jgi 

be the irredundant irreducible decomposition, where -F*'s are covering families and 
G J, s are not. From our assumption, we have at least two F r, s. For a general point 
x on X, 



F 1 (x,X) = \jF\x,X), 
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where F l (x,X) is the family of lines from F l passing through x. Then we see that 
F l (x,X) is non-empty and F l (x,X) is not contained in F 1 ' for i 7= i! . This is a 
contradiction. Consequently, X has a unique covering family of lines. □ 

Proposition 2.3. Let X C F N be a projective manifold and Y a smooth hyperplane 
section of X. Assume that Y is covered by lines. Then the following holds. 

(i) There exists a covering family of lines Jtx for X which contains a covering 
family of lines for Y . In particular, X is also covered by lines. 

(ii) Y is not contained in the non-free locus Zx x - 

Proof, (i) Since Y is covered by lines, there exists a covering family of lines J(fy for 
Y and a free J£y-line I in Y . Then we have an exact sequence 

O^Tyl^Txli^ N Y/x \i^0. 

We have Ty\i = ^pi(2) © © &^ for some non-negative integers p,q and 

Ny/x\i — Since this sequence splits, I is also free in X. Then there is a 

unique family of lines J^x for X containing [/]. Hence Jf?x is a covering family of 
lines which contains J^y. 
(ii) Let 

%Xx — %l U • • • U Z m 

be the irredundant irreducible decomposition of the non-free locus of J(fx- Assume 
that Y is contained in Zx x - Then Y is contained in Zj for some io- Since we 
have codimx^ = 1, Y coincides with Zi . From the definition of the non-free locus, 
through a point y on Y, there is a JtxAine l y which is not free in X. Then l y is not 
contained in Y for a general point y on Y. In fact, if Y contains l y , then it follows 
from the generality of y that l y is free in Y . The same argument as in (i) implies 
that l y is also free in X. This is a contradiction. Hence one sees that l y is contained 
in Zi x for some %\ 7^ provided that y is general. In particular, Z^ contains a 
general point y. This implies that Y is contained in 

Ziu-u4u---uz m . 

Therefore Z{ coincides with Zi 2 for some 12 7= io- This gives rise to a contradiction. 

□ 

Proposition 2.4. Lei W be a rational homogeneous manifold of Picard number 1 
and W C £/te embedding defined by the very ample generator of the Picard group 
of W . Let A C F N be a linear subspace, X the linear section of W by A and x a 
general point on X . Assume that X is a projective manifold covered by lines and it 
is not a projective space. If dimiq(x, W) > codimpjvA, then Fi(x,X) is a smooth 
and irreducible variety of degree > 1. Furthermore there exists a unique covering 
family of lines for X and Fi(x,X) C F*(T X X) is its variety of minimal rational 
tangents at x. 

Proof. For a general point x € X, F\(x,X), F\(x, W) and F\(x,A) can be naturally 
embedded into F*(T X F N ). Then F x {x,X) = F x (x,W) nfi(s,A) in P^TJP^). It 
is known that F\(x,W) is irreducible variety of degree > 1 (see [9], [18], [27]). 
According to the Fulton-Hansen Connectedness Theorem [151 Corollary 1], F\(x,X) 
is connected by the assumption that dimiq(x, W) > codimpjvA. Furthermore, from 
the generality of x € X, Fi(x,X) is smooth. Hence the first part of our assertion 
holds. The second part follows from Proposition 12.21 □ 
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2.2. Fano manifolds. A Fano manifold means a projective manifold A with ample 
anticanonical divisor —Kx- For a Fano manifold A, the index is defined as the 
greatest positive integer rx such that —Kx = rxH for some ample divisor H on 
X, and the pseudo-index is defined as the minimum ix of the intersection numbers 
of the anticanonical divisor with rational curves on X. Given a projective manifold 
X, we denote by px the Picard number of X. 

Theorem 2.5 ([39]). Let F be a smooth Fano n-fold of index rp and pseudo-index 

(i) If ip > § + 1, then pp = 1, and 

(ii) »/rj = § + 1 and p F > 2, ffcen F = P rF_1 x P* -1 . 

Theorem 2.6 ([23]). £ei F be a smooth Fano n-fold of index rp. Then rp < n + l. 
Furthermore, if rp = n+l, then F is isomorphic to P ra . If rp = n, then F is 
isomorphic to Q n . 

Theorem 2.7 (|12}ll3j). Let X be a smooth Fano n-fold with index rx = n — 1 (i.e. 
a del Pezzo manifold) whose Picard group is generated by a very ample line bundle. 
Then X is isomorphic to one of the following: 

(i) a cubic hypersurface, 

(ii) a complete intersection of two quadric hyper surf aces, or 

(iii) a linear section of the Grassmann variety G(2,C 5 ) C P*(/\ C 5 ). 

2.3. Extremal contractions. Let X be a projective manifold and NE(X) the 
cone of effective 1-cycles on X. By the Contraction Theorem, given a Fx-negative 
extremal ray R of the Kleiman-Mori cone NE(X), we obtain the contraction of the 
extremal ray p>R : X — > Y. We say that pr is of fibering type if dim A > dimY. 

Let (X, H) be a pair consisting of a projective manifold X of dimension n and 
an ample line bundle H on X, that is, a smooth polarized n-fold. (X, H) is called 
a linear ¥ d -bundle over a normal variety of dimension m if there exists a surjective 
morphism p : X — > Y such that every fiber (F,H\p) is isomorphic to (P d , ^pd(l)), 
where d = n — m. This is equivalent to say that there exists a surjective morphism 
ip : X — > Y such that <§ := p^H is a locally free sheaf of rank d + 1 and (X, H) 
is isomorphic to (P(<# > ), ^p(<f)(l)), where ^p(^)(l) is the tautological line bundle on 
P(<#) (see HJ Section 3.2]). 

Theorem 2.8 ([8, Theorem 1.7]). £ei X C P w &e a smooth projective n-fold. As- 
sume that there is an f -dimensional linear subspace A in X such that A^/x — @ n ~^ 
and n < 2/ — 1. T/ien A = Py(<#) ; where $ is a locally free sheaf of rank f + 1 on 
a smooth projective (n — f)-fold Y . 

Proposition 2.9 ([HJ Lemma 2.12]). Let p : A —¥ Y be a surjective morphism 
from a manifold to a normal projective variety and H an ample line bundle on A. 
Assume that (F, H\p) = (P d , & ¥ d{l)) for a general fiber F of p and every fiber of p 
is d- dimensional. Then Y is smooth and <p makes (A, H) a linear ¥ d -bundle with 
X^P(p*H). 

Proposition 2.10 ([40]). Let X be a projective manifold. Let ipn be the contraction 
of an extremal ray R C NE{X), E the exceptional locus of pr and F a component 
of a non-trivial fiber of ipR. Then 

dimF > dim A - 1 + l(R) - dimF, 
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where l(R) := min{— Kx-C \ C is a rational curve in R}. 

The following theorem plays an important role in our proof. 

Theorem 2.11 ( [31} Theorem 3.3]). Let X C P^ be a smooth projective n-fold with 
a covering family of lines J£T. Denote by [Jf] the numerical class of a member of 
J(T. Assume that —Kx-J^ > ^2 ■ Then [Jf] spans an extremal ray of NE(X). 

As a corollary of a generalization of Theorem 12.114 CNovelli and G.Occhetta 
prove the following: 

Theorem 2.12 ([32, Corollary 4.4]). Let X C P^ be a projective manifold of di- 
mension at most five and J(f a covering family of lines on X. Then [^] spans an 
extremal ray of NE(X) . 

Remark 2.13. Theorem 12.111 and Theorem 12.121 hold in a slightly more general 
situation [31] . We do not mention the original result precisely, because we do not 
need it. 

3. Projective manifolds swept out by cubic hypersurfaces 

In this section, we prove Theorem I l.li 

Lemma 3.1. Let X CF N be as in Theorem \l.l[ Then there exists a covering family 
of lines and a smooth cubic hypersurface S x through a general point x E X such 
that any line lying in S x is a member of Jtf . 

Proof. Let P\{t), P2(t) be the Hilbert polynomials of a line, an s-dimensional smooth 
cubic hypersurface, respectively and set P(i) := {Pi(t) , P%{t)) . We denote the natural 
projections by 

Pi : FH P(t) (X) -> Hilb P . (t) (X), where i = 1,2. 

Let J&2 be the open subscheme of Hiibp 2 ( t ) (X) parametrizing smooth subvarieties 
of X with Hilbert polynomial P2(t). According to |41| . a smooth projective s-fold 
with Hilbert polynomial P%{t) is a cubic hypersurface. Hence J#2 parametrizes s- 
dimensional cubic hypersurfaces lying on X. From our assumption, there is an 
irreducible component J^ 2 ° °f =^2 such that Locus(J^°) = X. Then P\{p 2 X {^2)) 
parametrizes lines lying on smooth cubic hypersurfaces in ,3^ 2 . Take an irreducible 
component J(f° of p\ {p 2 x (^2°)) such that Locus( J^°) = X. Through a general point 
x on X, there is a J^°-line l x which is not contained in any irreducible component 
of Pi(p 2 l {-J^)) except J^°. Furthermore there is also a smooth cubic hypersurface 
S x which satisfies with [S x ] in 3^ 2 and l x C S x . Because Piip^ 1 {[S x ])) is the 
Hilbert scheme of lines on S x , it is irreducible (see [U Theorem 1.10, Theorem 1.16, 
Proposition 1.19]). Therefore PiOpJ is contained in an irreducible component 

of Pi(p 2 ~ 1 (^2°))- Since pi{p 2 1 {[S x ])) contains [l x ], this implies that pi{p 2 {[Sx])) is 
contained in J^°. Thus we set to be an irreducible component of F\{X) = 
Hilbp 1 ( t )(A A ) containing Jfr°. □ 

Proposition 3.2 ([121 Chap. I. Proposition 2.16]). Let X C P N be a nondegen- 
erate smooth projective n-fold and Y an r -dimensional subvariety of X such that 
codha/Y){Y) < codimpjv(A') = N — n, where (Y) is the linear span of Y . Then 
r < min{n — 1, [ jV ^" 1 ]}. 
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Proof of Theorem \l.l[ We employ the notation as in Lemma fe-ll We denote — Kx-^ 
by m and a hyperplane section of X C F N by H. Set L := Kx + mH. From a fun- 
damental deformation theory [37, Theorem 4.3.5], we see that dimi ? i(x, S x ) > s — 3. 
Since F%(x,S x ) is contained in := {[/] € J^|x G /} for a general point x on X, 
we have 

77/ 77 I 3 

(1) m = dim^ + 2 > dimFi(x,S x ) + 2>s-l>[-]+2> ——. 

As we noted in Section [2.11 J(f x is a disjoint union of smooth varieties of dimension 
m — 2 and it is embedded into F^(T X X) by the tangent map. From the inequality 
dl]), we have 2(m — 2) > n — 1 = dhn.W^{T x X). Hence is irreducible by the 
projective dimension theorem. 

By Theorem I2.11[ spans an extremal ray of NE(X) and L is the pull-back 
of a divisor by the extremal contraction tpx '■ X — > Y associated to R>o[J^. For a 
general fiber F of (fjf, we have Kp = Kx\f = —mH\p. Hence the pseudo-index ip 
of F satisfies ip > m > ^jp. By virtue of Theorem I2.5[ we conclude that pp = 1. 

We show that rp > f — 1, where / := dimF and rp is the index of F. We define 
Jifp as the set of J^-lines which meet F, that is, J^f :={[/] € Pi F ^ 0}. Since 
every J^-line is contracted to a point by ^j^, we see that J£p = {[I] £ J^\l C F}. 
From the construction, it follows that J^p is proper and Locus (Jfp) = F. This 
implies that there is an irreducible component Jfp of JPp such that Locus( J^p ) = F. 
Therefore there exists a covering family Jz? of lines on F containing J£p. Let x be 
a general point on F and set ££ x ■= {[I] £ «Sf|x E /}. Given any J^-line, it is free 
in jF. This implies that the Hilbert scheme of lines F\(F) is smooth at [l x ]. In 
particular, there exists a unique irreducible component of F\(F) containing [l x ]. .J€ x 
is contained in Jzf, because it is irreducible and J^ x n JSf is not empty. So we have 
dimJzf^ > dim > From Proposition ETJ it follows that JS* C P*(Ta.F) is a 
nondegenerate projective manifold. Let Z be an irreducible component of iq(x, S x ) 
with dimZ = dim.Fi(x, S x ). Remark that dimZ > s — 3 and dimJz^ = rp — 2. Now 
we apply Proposition 13.21 to Z C ££ x C P*(T X F). It implies that 

2 = codim^Z > codim^} = / + 1 - rp. 

According to Theorem 12.61 it follows that rp < f + 1 and if rx is equal to / + 1, 
respectively /, then F is W, respectively a smooth quadric Q* . In the case where 
F is Ff, we see that m = f + 1. We have 

r n. , n + 7 
/>s + l>[-]+4>^-. 

It follows from Theorem 12.81 that (X,H) is a linear projective bundle. 

We show that F is not isomorphic to Q* . Assume the contrary. Then Q* contains 
a smooth cubic hypersurface S x of dimension s > [§] + 2. If does not contain 
the linear span (S x ), an s-dimensional quadric Q' fl (S^) contains a cubic S^, a 
contradiction. Hence contains a linear subspace (S^) of dimension s + 1 > [^] + 3. 
However an /-dimensional smooth quadric does not contain a linear subspace of 
dimension > [t]. So this also gives rise to a contradiction. As a consequence, F is 
not isomorphic to Q* . 

In the case where rp = f — 1, F is one of manifolds in Theorem 12.71 Since F 
contains a smooth cubic hypersurface S x of dimension s > [t|] + 2, it follows from 
Proposition l3.2l that F is neither a complete intersection of two quadric hypersurfaces 
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nor a linear section of the Grassmann variety G(2, C 5 ) C P*(A 2 C 5 ). If F is a cubic 
hypersurface, then tpx '■ X — > Y is a cubic fibration. 

Thus we have completed the proof of Theorem 11.11 □ 

4. Projective 5-folds swept out by planes 

In this section, we prove the following: 

Theorem 4.1. Let X C f N be a smooth projective 5-fold such that there is a plane 
P 2 Cl through a general point of X . Then X is one of the following: 

(i) a linear ¥ d -bundle tp : X — )• Y , where d > 2, 

(ii) a smooth quadric Q 5 , 

(iii) a complete intersection of two quadrics in P 7 ; 

(iv) a hyperplane section of the Grassmann variety G(2,C 5 ) C P*(A C 5 ) ; 

(v) X admits a contraction <p : X — >■ C of an extremal ray to a smooth curve 
and, for the locally free sheaf $ := <p*&x(X)> X embeds over C into P(<f) 
as a divisor of relative degree 2, or 

(vi) X admits a contraction <p : X — >• C of an extremal ray to a smooth curve 
whose general fiber is isomorphic to P 2 x P 2 . 

4.1. Family of lines. 

Lemma 4.2. Let X CP N be as in Theorem \4-l\ Then there exists a covering family 
of lines and a plane P x through a general point x € X such that any line lying 
in P x is a member of Jff. 

Proof. Remark that the Hilbert scheme of lines on a plane is isomorphic to G(2, C 3 ). 
In particular, it is irreducible. This lemma follows from the same argument as in 
Lemma 13.11 □ 

Notation 4.3. Let X, J?T and P x be as in Lemma 14.21 Let ^ x be the variety of 
minimal rational tangents with respect to J?T at a general point x on X. We 
denote — Kx-<& by m and Kx + mH by L, where if is a hyperplane section of 
X C P . Throughout this section, we use these notation. 

Lemma 4.4. ^ contains a projective line P . In particular, m > 3. 

Proof. From Lemma [4.2t it follows that ^ C P*(T X X) contains a line F*(T X P X ). On 
the other hand, m is equal to dim^ + 2. So our assertion holds. □ 

Lemma 4.5. The following holds. 

(i) [J^] spans an extremal ray of NE(X). 

(ii) For the contraction (px '■ X — > Y of the extremal ray M>o[J^], a general 
fiber F of (fjc is a Fano manifold of index rp > m > 3. 

Proof, (i) By Lemma 14.4^ our setting satisfies the assumption of Theorem 12.111 
Hence [Jf?] spans an extremal ray. 

(ii) Since L is the pull-back of a divisor of Y, we have 

— Kp = —Kx\f = mH\p. 

Hence our assertion holds. □ 

Proposition 4.6. We have rp > dimF — 1. 
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Proof. If F does not coincide with A, then our assertion follows from Lemma 14,51 
(ii). So we assume that F = A. Since X C P^ is uniruled by lines and px = 1, 
it is easy to see that X is a Fano manifold whose Picard group is generated by a 
hyperplane section H. By virtue of Lemma 14,51 we see that the index rx is equal 
to m > 3. Hence it is enough to prove that rx > 3. 

Assume that rx = 3. Then X C P^ is a Mukai 5-fold whose Picard group is 
generated by a very ample line bundle. We also see that the dimension p of the 
variety of minimal rational tangents at a general point is 1. From [29], X C P^ is 
projectively equivalent to one of the following: 

(i) a hypersurface of degree 4, 

(ii) a complete intersection of a quadric hypersurface and a cubic hypersurface, 

(iii) a complete intersection of three quadric hypersurfaces, 

(iv) a hyperplane section of ^ C P 10 , where ^ C P 10 is a smooth section 
of the cone G := Cone({o}, G(2, C 5 )) C P 10 over the Grassmann variety 
G(2,C 5 ) C P*(A 2 C 5 ) by a quadric hypersurface, 

(v) a linear section of S4, where £4 is the spinor variety which is an irreducible 
component of the Fano variety of 4-planes in Q 8 , 

(vi) a linear section of the Grassmann variety G(2, C 6 ) C P*(A 2 C 6 ), 

(vii) a hyperplane section of LG(3, C 6 ), where LG(3, C 6 ) is the Lagrangian Grass- 
mann variety which is the variety of isotropic 3-planes for a non-degenerate 
skew-symmetric bilinear form on C 6 , or 

(viii) the GVvariety which is the variety of isotropic 5-planes for a non-degenerate 
skew-symmetric 4-linear form on C 7 . 

By Lemma 14.41 it is sufficient to show that ^ x is an irreducible variety which is not 
a line. 

Cases (i)-(iii) 

Let X C P^ be a smooth complete intersection of hypersurfaces of degree d\ , • • • , d 7 
where p := N — 1 — ^ di is positive. Then X is covered by lines. For a general 
point x on X, the Hilbert scheme F±(x,X) can be embedded into P^T^A) via 
the tangent map. Then the defining equations of Fi(x,X) C F*(T X X) are given 
by derivatives at x of the defining equations of X (c.f.[I71 1.4.2]). So F\(x,X) is 
a smooth complete intersection of dimension p > 0. Since a smooth complete in- 
tersection of positive dimension is connected, we see that F\(x,X) is irreducible. 
According to Proposition 12.21 this implies that there exists a unique covering family 
of lines and F\{x, X) C ¥%(T X X) is its variety of minimal rational tangents 

In our cases, if AT is a hypersurface of degree 4, then ^ is a complete intersection 
of degrees (4,3,2). If A is a complete intersection of degrees (3,2), then ^ x is a 
complete intersection of degrees (3,2,2). If A is a complete intersection of degrees 
(2, 2, 2), then so is In particular, ^ is an irreducible variety which is not a line. 

Case (iv) 

Let A be a smooth hyperplane section ^ n M C P 10 , where M is a hyperplane 
of P 10 . 

Claim 4.7. For ^ C P 10 , there exists a unique covering family of lines Jtj^ 071 
and its variety of minimal rational tangents "^v^ ot a general point x is an 
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intersection of a cone over a Segre 3-fold P 1 x P 2 and a 7 '-dimensional quadric 
hyper surf ace. In particular, ^y-^ * s irreducible variety of degree > 1. 

Proof of ClaimUTfj Let G := Cone({o}, G(2, C 5 )) C P 10 be the cone over the Grass- 
mann variety G(2,C 5 ) C P*(/\ 2 C 5 ) with vertex o £ P 10 and ir the associated pro- 
jection P 10 \ {o} P 9 . For a point x £ G \ {o}, we denote by xb € P^T^P 10 ) the 
point corresponding to the line passing through x and o. Then we have a natural 
projection P^T^P 10 ) \ {x~b} ->■ P^T^P 9 ). As we mentioned before, Fi(x,G) can 
be embedded into P^T^P 10 ) via the tangent map. Then C P^T^P 10 ) is 

the cone with vertex xb over Fi(tt(x), G(2, C 5 )). 

Remark that Fi(vr(x), G(2, C 5 )) C P^T^P 9 ) is projectively equivalent to the 
Segre 3-fold P 1 x P 2 c P 5 (see [9], [IB], [27]). On the other hand, for x G Q 9 , 
F\(x, Q 9 ) is a 7-dimensional quadric hypersurface Q 7 C P*(T X P 10 ). Hence F\{x, ^) 
is the intersection of the cone of the Segre 3- fold P 1 x P 2 and Q 7 . Thus we see that 
Fi(x,^2) is connected. On the other hand, it follows from the generality of x on 
^ that Fi(x,Y^) is smooth. Consequently, Fi(x,J2) is irreducible. By virtue of 
Proposition 12.21 this implies that there exists a unique covering family of lines on 
and F(x, ^) is its variety of minimal rational tangents. □ 

Let rJ^x be a covering family of lines on X. From the uniqueness of a covering 
family of lines on it follows that J^x is contained in J^y,- By virtue of Propo- 
sition [231 X \ is a non-empty open subset of X. Denote by ^x^x the variety 
of minimal rational tangents with respect to .J&x at % on X. Fix a general point x 
on X (i.e., it is on X \ (2x E U Z, Xx ))- Then we obtain ^ x ,x = n F«(T X M). 
By the above Claim 14.71 and the same argument as in its proof, we see that ^x,x is 
irreducible variety of degree > 1. 

Cases (v)-(viii) 

In these cases, X is a linear section of a rational homogeneous variety W. From 
Proposition 12.41 it follows that ^ x is an irreducible variety of degree > 1. 

□ 

4.2. Case where F coincides with X. Assume that a general fiber F coincides 
with X. As we mentioned in Proposition 14.61 and its proof, X is a Fano manifold 
whose Picard group is generated by a hyperplane section H and the index rx is 
equal to m > 3. From Theorem 12. 6\ it follows that rx < n + 1 = 6 and if rx is 6, 
respectively 5, then X is isomorphic to P 5 , respectively Q 5 . If X is isomorphic to 
P 5 or Q 5 , then X is swept out by planes. So we consider the case where rx = 4. 
In this case, X is a del Pezzo 5-fold whose Picard group is generated by a very 
ample line bundle. From Theorem 12. 7\ X C P^ is projectively equivalent to a cubic 
hypersurface, a complete intersection of two quadrics or a hyperplane section of the 
Grassmann variety G(2,C 5 ) C P*(A 2 C 5 ). 

Proposition 4.8. A 5 -dimensional cubic hypersurface Icl* is not swept out by 
planes. 



Proof. Since the dimension of the Hilbert scheme of planes in X is 2 by |21[ Propo- 
sition 3.4], X is not swept out by planes. □ 
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Proposition 4.9 ( |35l Lemma 4.9]). A (2n + l)- dimensional smooth complete inter- 
section X C P 2n+3 of two quadrics is swept out by n-dimensional linear subspaces. 
In particular, a 5- dimensional smooth complete intersection X CP of two quadrics 
is swept out by planes. 

Proposition 4.10. A hyperplane section of the Grassmann variety G(2,C 5 ) C 
P*(/\ 2 C 5 ) is swept out by planes. 

Proof. The Grassmann variety G(2, C 5 ) C P*(/\ 2 C 5 ) is covered by linear subspaces 
of dimension 3 which are contained as subgrassmann varieties (7(1, C 4 ). Hence our 
assertion holds. □ 

4.3. Case where F does not coincides with X. 

Proposition 4.11. If a general fiber F does not coincide with X, then X is one of 
the following: 

(i) a linear projective bundle, 

(ii) X admits a contraction <p : X — >■ C of an extremal ray to a smooth curve 
and, for the locally free sheaf $ := (p t ^x(^), X embeds over C into P(#) 
as a divisor of relative degree 2, or 

(iii) X admits a contraction <p : X — > C of an extremal ray to a smooth curve 
whose general fiber is isomorphic to P 2 x P 2 . 

Proof. Since <px contracts planes and F does not coincide with X, we see that 
2 < dimi 7 < 4. From Lemma 14.51 the index rp of F satisfies rp > m > 3. By 
Theorem 12.51 h holds that pp = 1 except the case F is isomorphic to P 2 x P 2 . So 
we assume that pp = 1. Then F is a linear subspace P rf , a quadric hypersurface Q d 
or a del Pezzo 4-fold such that Pic(X) = Z which is generated by a very ample line 
bundle. Since any smooth quadric of dimension 3 does not contain a plane, F is not 
isomorphic to Q 3 . Furthermore, we see that F is not a del Pezzo 4-fold. In fact, if 
this is the case, then F is isomorphic to one of manifolds as in Theorem l2.7l However 
because F is also swept out by planes, the variety of minimal rational tangents of F 
at a general point contains a line. So by the same argument as in Proposition ^. 61 we 
get a contradiction. As a consequence, F is isomorphic to (P d , ^(1)), (Q 4 , ^(1)) 
or P 2 x P 2 . 

First, assume that F is isomorphic to ¥ d , where 2 < d < 4. If F is isomorphic to 
p3 or jp4^ tn en it follows from Theorem 12.81 that (fjf : X — > Y is a linear projective 
bundle. So we assume that F is isomorphic to P 2 . Then we show that (fjf : X — > Y 
is a linear P 2 -bundle. 

Since L is the pull-back of a divisor on Y by tpx and a general fiber of tpx is 
isomorphic to P 2 , we see that m = 3. By virtue of Proposition 12.91 it is enough to 
show that every fiber of tpx has dimension 2. We assume the contrary and derive 
a contradiction. So assume that there exists a fiber Fq of ipx whose dimension is 
at least 3. If dimFo = 4, then we can take an irreducible component E C Fq of 
dimension 4. Slice X and E with 3 general elements of \H\ and denote these by S 
and C, respectively. We may assume that S is a smooth surface and C is a curve. 
The restriction of ipx to S is birational onto its image and contracts C. These imply 
that C 2 < 0. Thus we have E.C = E\ S .C = C 2 < 0. On the other hand, let Dbea 
curve contained in a fiber of ip^ which is not Fq. Then we have E.D = 0. However, 
since <px is an extremal contraction, C and D are numerically proportional. This 
is a contradiction. Hence dimFo = 3. 
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Slice A and Fq with 2 general elements of |iJ| and denote these by X' and Fq, 
respectively. Then we may assume that X' is a smooth 3-fold and Fq is a curve. 
Set y := (pjfr(Fo) and denote by (j) the restriction of Lpx to X' . Remark that cj) is 
a birational morphism and its fiber has dimension at most 1 near y. Since we have 
—Kx> = {—Kx — 2H) \x> and L is the pull-back of a divisor on Y by (fj^, we see that 
—Kx> is 0-ample. From the classification of extremal contractions from a smooth 
3-fold (see [6] and remark that the argument as in [6] holds even if the target space 
of an extremal contraction is affine), is a composition of divisorial contractions 
which contract a divisor to a smooth curve near y. We denote the composition by 

X' Q := X' ->■ X[ -> X' 2 -> ► -X^ := F. 

Assume that s > 2. Denote by / the fiber of X' s _ 1 X' s :=Y over y and by / C X' s _ 2 
its strict transform. For the blow-up X' s _ 2 — > X' s _ 1 , denote by C C X' s _ 1 the blow- 
up center and by E C X' s _ 2 the exceptional divisor. Since I n C is not empty, we 
have — Kyi .1 = 1 — El < 0. This is a contradiction. Hence we have s = 1. So 
we see that (f> is the blow-up along a smooth curve near y. This implies that -Fq is 
isomorphic to P 1 and Np// X ' — ® ^p 1 ( — !)• Here, by the same argument as in 
Proposition 3.2.3], we get a contradiction. As a consequence, if a general fiber of 
tpjf is isomorphic to P 2 , then ipjf : A — > Y is a linear P 2 -bundle. 

Second, assume that F is isomorphic to Q 4 . Then C := Y is a smooth curve 
and <^j^ is flat. By the Grauert's theorem [161 HI) Corollary 12.9], $ := ipx*@x(X) 
is locally free of rank 6. Since &xiX) 1S vei T ample, ip ^ \ \% ^6 — > ^x(l) 
is surjective. This yields the embedding of A into P(#) over C. Finally, if F is 
isomorphic to P 2 x P 2 , then there is nothing to prove. □ 

Remark 4.12. Professor Hiromichi Takagi taught the author the above proof such 
that ipx : A — > Y is a linear P 2 -bundle if F is isomorphic to P 2 . 

We have thus completed the proof of Theorem 14.11 

Remark 4.13. A (2n+l)-dimensional smooth complete intersection of two quadrics 
A gives a negative answer to the following question raised by Novelli-Occhetta |31|. 
Question 6.2]: 

Let Y C P^ be a smooth variety of dimension 2n + 1 such that through every 
point ofY there is a linear sub space of dimension n. ... Is it true that there exists 
an n-dimensional linear subspace A with nef normal bundle? 

Actually, A is swept out by n-dimensional linear subspaces (see Proposition I4.9P . 
However there does not exist an n-dimensional subspace with nef normal bundle in 
A except for the case where n = 1 (See |311 Theorem 1.1, Theorem 7.1]). 

5. Projective manifolds swept out by copies of the Segre 3-fold 

P 1 x P 2 C P 5 

In this section, we show Theorem ll.3[ 

Let A C P^ be as in Theorem 11.31 Then A C ¥ N is also swept out by planes. 
If n = 3, there is nothing to prove. Suppose that n = 4. By virtue of [36, Main 
Theorem], A is a linear projective bundle or a quadric hypersurface Q 4 . However 
a 4-dimensional smooth quadric hypersurface does not contain a copy of the Segre 
3-fold P 1 x P 2 . Hence Theorem O holds if n < 5. Therefore we assume that n = 5 
from now on. 
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5.1. Families of lines. The Segre 3-fold S = P 1 x P 2 contains two families of lines. 
We say that a line on S is of the first type (resp. of the second type) if it is contracted 
to a point by the second projection S = P 1 x P 2 -> P 2 (resp. the first projection 
S = P 1 xP 2 ^P 1 ). 

Let Pi(t), P2(t), P3(t) be the Hilbert polynomials of a line, a plane, the Segre 3- 
foldP 1 xP 2 , respectively. Moreover, setPi 23 (t) := (P 1 (t),P 2 (t),P 3 (t)) andPi 3 (i) := 
(Px(t), Ps(t)). Then we have the following commutative diagram: 

FH Pl23(*)( X ) 

w, 

Fi(X) FH Pl3(i) (X) Hilb P3(t) (X) 

In this subsection, we prove the following: 

Proposition 5.1. Let X C P^ be a smooth projective 5-fold such that there is a 
copy of the Segre 3-fold P 1 x P 2 through a general point of X in X. Then X admits 
two covering families of lines Jtf\ and "V\ which define extremal contractions (f j^ and 
<~py x respectively. Furthermore, through a general point of X there is a copy S x C X 
of the Segre 3-fold P 1 x P 2 such that tpjfi (resp. tp-ft) contracts lines in S x of the 
second type (resp. of the first type). 

Lemma 5.2. Let J£§ be the open subscheme o/Hilbp 3 m(X) parametrizing smooth 
subvarieties of X with Hilbert polynomial Ps(t). Then parametrizes copies of the 
Segre 3-fold P 1 x P 2 onX. 

Proof. According to [41J, a smooth cubic 3-fold is projectively equivalent to a cu- 
bic hypersurface or the Segre 3- fold P 1 x P 2 . The Hilbert polynomial of a cubic 
hypersurface does not coincide with Pait). Hence our assertion holds. □ 

Because X is swept out by copies of the Segre 3- fold P 1 x P 2 , we see that 
Locus(J^s) = X. Let be an irreducible component of J£§ such that Locus(,^ ) = 
X. 

Lemma 5.3. There exists a covering family of lines J(f\ C F\{X) such that ,through 
a general point x on X , there exists a Jf^-line I of the second type on some S with 
[S] S M% . Furthermore spans an extremal ray of NE{X). 

Proof. Remark that any plane contained in a copy S of the Segre 3-fold P 1 x P 2 is 
contracted to a point by the first projection S = P 1 x P 2 — > P 1 . Hence pi(p3 (^3 )) 
parametrizes lines of the second type in copies of the Segre 3-fold P 1 x P 2 contained 
in ■ Since Locus(pi(p3~ 1 (^ ))) = Locus(J^°), we can take an irreducible 

component J^ of Pi(p3 _1 (^3°)) such that Locus(J^ L °) = X. Thus set Jff\ as an 
irreducible component of F\(X) containing 

By the same argument as in Lemma l4.2l and Lemma l4.4( we see that — Kx-^i > 3. 
Hence it follows from Theorem 12.111 that [J^i] spans an extremal ray of NE(X). □ 

Denote by (pj^ the contraction of the extremal ray R>o[J#i]. From the construc- 
tion of the family Jt±, <px\ satisfies the following property: 

Lemma 5.4. Through a general point x on X , there exists a copy S of the Segre 
3-fold P 1 x P 2 such that [S] 6 Jif® and every plane on S is contracted by p>X\ ■ 
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Proof. Note that all the curves contained in planes on a copy S of the Segre 3-fold 
P 1 x P 2 are numerically proportional to each other and a contraction of an extremal 
ray contracts all curves which are numerically proportional to a contracted curve. 
From Lemma 15.31 through a general point x on X, there exists a J^i-line I of the 
second type on some S with [S] 6 Jtif^ '. Because / is contracted by (fj^i, every plane 
on S is contracted by y>X\ ■ ^ 

Lemma 5.5. There exists a covering family of lines "V\ C F\{X') such that, through 
a general point x on X, there exists a "V\-line I of the first type on some S with 
[S] G , and S contains a Jt{-line of the second type. Furthermore \V\\ spans an 
extremal ray of NE(X) and every line on S in of the first type is contracted by 
(py x , where (p-^ is the contraction of the extremal ray lR>o['^i]. 

Proof. We use the notation as in the proof of Lemma I5T31 Set ^# := p?,(pi~ l H 
Jfff . Given any S which is a member of there exists a J^i-line m of the sec- 
ond type in S. From the definition of we see that Locus(J^°) C Locus(^#) 
and Locus(^°) = X. It implies that Locus(^) = X. So there exists an irre- 
ducible component of ^# such that Locus (^#°) = X. Then Pi(p3~ 1 (^ )) 
parametrizes lines in copies of the Segre 3-fold P 1 x P 2 contained in On the 

other hand, Pi(p3 _1 (^# )) parametrizes lines of the second type in copies of the 
Segre 3-fold P 1 x P 2 contained in Furthermore p~i(p~3~ 1 (^ )) is a proper closed 
subset of pi(p3 _1 (^# )) and Locus (^#°) = Locus(pi(p3 _1 (^ ))\pi(p3 _1 (^# )). So 
we have an irreducible component of PiG?3 _1 (^°)) \ Pi(P3 _1 (-^ )) such that 
Locus (if) = X. Thus set f{ as an irreducible component of F\(X) containing 
The second assertion is derived from Theorem 12.121 and the same argument as in 
Lemma 15.41 □ 

Hence Proposition 15.11 holds. 

We may consider <p x x as the contraction of an extremal ray <p x appeared in 
Section [4.31 Now X is isomorphic to one of manifolds as in Theorem 14.11 We study 
X according to each case. 

5.2. Cases (ii) — (iv). In this subsection, we study the case where X is isomorphic 
to one of manifolds as in (ii) — (iv) of Theorem 14.11 

Proposition 5.6. Every smooth hyperplane section of the Grassmann variety G(2, C 5 ) C 
P*(A i s swe pt ou t by copies of the Segre 3-fold P 1 x P 2 . 

Proof. Let 0(1,4) C G(1,P 4 ) be a Schubert variety parametrizing the lines in P 
meeting a given line. Because a general hyperplane section of 0(1,4) is a copy of 
the Segre 3- fold P 1 x P 2 , our assertion holds. □ 

We use a corollary of Zak's theorem on tangencies |42} Corollary 1.8]: 

Theorem 5.7 (QUI Proposition 4.2.8, Corollary 4.2.10]). Let X C F N be a non- 
degenerate subvariety and A C P^ a linear subspace of codimension r. Assume 
that 

N - dim AT + dim(A n Sing(A)) + r - 1 < dimX - r, 

where Sing(A) stands for the singular locus of X. 
Then dim X H A = dim X — r and 

dimSingpf n A) < N - dim X + dim(A n Sing(X)) + r - 1. 
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Furthermore, if X is locally Cohen- Macaulay and 

2 dimX - N - dim(A n Sing(X)) - 2r > 0, 

then X n A is reduced. 

Proposition 5.8. A 5- dimensional smooth quadric hypersurface Q 5 C P 6 does not 
contain a copy of the Segre 3-fold P 1 x P 2 . 

Proof. Assume that a copy S of the Segre 3- fold P 1 x P 2 is contained in Q 5 C P 6 . 
Let H be the linear span of S which is a hyperplane of P 6 . Denote by Y the 
hyperplane section of Q 5 by H. Then we see that Y is a quadric of dimension 4. 
From Theorem 15. 7| it follows that the dimension of the singular locus of Y is at 
most 0. Therefore Y is smooth or a cone over a smooth quadric hypersurface of 
dimension 3. If Y is smooth, then S is a member of the linear system corresponding 
to the hyperplane section of Y. This gives a contradiction. So we may assume that 
Y is a cone with vertex o € P 5 . We denote by tt : P 5 • • • — >• P 4 the projection from a 
point o. Then P 1 x P 2 \ {o} contains a plane P 2 and the image 7r(P 2 ) is also of degree 
1. However it contradicts the fact that any 3-dimensional smooth quadric does not 
contain a plane. □ 

Proposition 5.9. A 5- dimensional smooth complete intersection X of two quadrics 
does not contain a copy of the Segre 3-fold P 1 x P 2 . 

Proof. Suppose that a copy S of the Segre 3-fold P 1 x P 2 is contained in 1 C F . 
Denote by H the linear span of S. According to Theorem 15. 7\ we see that dim(X n 
H) = 3 and X n H is reduced. Since X n H contains S, we obtain a 3-dimensional 
linear subspace L such that X n H = S U L. However this contradicts the fact that 
X does not contain a 3-dimensional linear subspace (see [35, Corollary 2.4]). □ 

5.3. Cases (i), (v) and (vi). If tpjf is a linear P d -bundle with d>2, there is nothing 
to prove. So we deal with the cases (v) and (vi). 

Proposition 5.10. Assume that <~px\ '■ X Y is ip as in (v) of Theorem \4.1\ Then 
X is P 1 x Q 4 . 

Proof. Because the Segre 3-fold P 1 x P 2 c P 5 is not contained in any smooth quadric 
4- fold, we see that M>op£i] ^ M>o[^i]- Furthermore, the dimension of every fiber of 
<~PX\ is 4. Hence every fiber of is of dimension 1 and then we see that a general 
fiber of ip-f^ is a ^i-line. Hence it follows from Proposition 12.91 that ipy± : X — > Z is 
a linear P 1 -bundle over a smooth variety Z. 

Here we show that Z is isomorphic to P 4 or Q 4 . Let F be a general fiber of tfjti, 
which is a smooth quadric of dimension 4. Since F is not contracted to a point by 
<Pfi, the dimension of ^-^{F) is 4. It implies that tpy x : F —> Z is a finite surjective 
morphism. According to |34} Proposition 8], Z is isomorphic to P 4 or Q 4 . 

Since px = 2, the Kleiman-Mori cone NE(X) is generated by M>op£i] and 
P>o[^i]- This implies that — Kx is ample. Hence X is the projectivization of a rank 
two Fano bundle $ on P 4 or Q 4 . It follows that X is isomorphic to P 1 x Q 4 from 
the classification result of rank two Fano bundles in [21 Main Theorem 2.4], since X 
has a contraction of an extremal ray onto a curve. Consequently, X is projectively 
equivalent to P 1 x Q 4 c P 11 . 

□ 
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Proposition 5.11. Assume that y>X\ '■ X Y is ip as in (vi) of Theorem \4-l\ 
Then cpj^ : X — > C is a contraction of an extremal ray to a smooth curve whose 
general fiber is projectively equivalent to the Segre 4-fold P 2 xP 2 cP 8 . 

Proof. Since a general fiber contains a copy of the Segre 3- fold P 1 x P 2 , it is easy to 
see that a general fiber is projectively equivalent to the Segre 4-fold P 2 x P 2 C P 8 . □ 

Hence we have shown Theorem 11.31 

Remark 5.12. An example of Theorem 11,31 (iv) is given in |31|, Example 3.6]. 
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